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Abstract
In this paper, we study the long-time behavior of solutions for m-Laplacian parabolic equation
ut − mu + a(x)|u|αu = f0(u)
∫
Ω K(y)|u(y, t)|β dy + g(x) in Ω × (0,∞) with the initial data u(x,0) =
u0(x) ∈ Lq , q  1, and zero boundary condition in ∂Ω . Two cases for a(x) a0 > 0 and a(x) 0 are con-
sidered. We obtain the existence and Lp estimate of global attractor A in Lp , for any p max{1, q}. The
attractor A is in fact a bounded set in W1,m0 ∩L∞ if a(x) a0 > 0 in Ω , andA is bounded in W1,m0 ∩Lp
if a(x) 0 in Ω .
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
In this paper we consider the global attractor for the initial boundary value problem of m-
Laplacian parabolic equation⎧⎪⎨
⎪⎩
ut − mu + a(x)|u|αu = f0(u)
∫
Ω
K(y)
∣∣u(y, t)∣∣β dy + g(x), x ∈ Ω, t > 0,
u(x,0) = u0(x), x ∈ Ω; u(x, t) = 0, x ∈ ∂Ω, t  0,
(1.1)
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C. Chen / J. Math. Anal. Appl. 337 (2008) 318–332 319where mu = div(|∇u|m−2∇u), 2 < m < N , β  1, α > 0 and Ω is a bounded domain in RN
with a smooth boundary ∂Ω ,
∫
Ω
K(y)|u|β dy represents a nonlocal function dependence in space
domain Ω . For m = 2, the equation in (1.1) appears in an ignition model for a compressible
reactive gas which is a nonlocal reaction–diffusion equation, see [3,5].
The existence and uniqueness, blow-up of nonnegative solutions to the problem of form (1.1)
with m = 2 have been extensively studied, among others, by Pao [13], Rouchon [14], Sou-
plet [15], Wang and Wang [17]. Li and Xie in [10] considered the global and blow-up solu-
tions (1.1) for m > 2, β  1, a(x) ≡ g(x) ≡ 0, K(y) ≡ f0(u) ≡ 1. Recently, Aassila [1] studied
the problem (1.1) with m = 2 and proved the existence of solutions by Schauder fixed point the-
orem and the convergence of the solution towards a steady state by using the dynamical systems
point of view.
In this paper, we are interested in the existence of global attractor in Lp for the problem (1.1).
It seems like that there is few results in this direction.
Cholewa and Dlotko [7], Temam [16] considered the following problem:{
ut − mu + |u|αu = f0(u) + g(x), x ∈ Ω, t > 0,
u(x,0) = u0(x), x ∈ Ω; u(x, t) = 0, x ∈ ∂Ω, t  0,
(1.2)
and proved the existence of global attractor in L2 which is in fact a bounded set in W 1,m0 ∩Lα+2.
They apply a general abstract theory of monotone operator and for this the function f0(u) is as-
sumed to be global Lipschitz continuous. We cannot apply directly their result since the equation
in (1.1) contains the local and nonlocal nonlinear term. The difficulty in such a nonlinearity lies
in the fact that the estimates derived in [7,16] are not sufficient to assume the uniqueness and the
continuous dependence on the initial data of solutions.
In this paper, we first establish the existence and a priori estimate for the solution of (1.1). For
the function f0(u) in (1.1), we suppose∣∣f0(u)∣∣ k0|u|r , r = 0 or r  1, u ∈ R1 = (−∞,∞). (1.3)
Then, if β + r < α + 1 and a(x) a0 > 0 in Ω , we can in fact derive an estimate like∥∥u(t)∥∥
p
 C
(
1 + t−1/α), t > 0, (1.4)
for any p  1, including p = ∞. If a(x) 0 and β + r < m− 1, we can derive the estimate like∥∥u(t)∥∥
p
 C
(
1 + t−1/(m−2)), t > 0, (1.5)
for any p  q0 > 1.
Our second aim is to prove the existence of global attractor A in Lp for any p  1 in the case
a(x)  a0 > 0 and p  q0 in the case a(x)  0. We will prove that the attractor A is in fact a
bounded set in W 1,m0 ∩ L∞ if a(x) a0 > 0 in Ω . Note that if a(x) a0 > 0 in Ω , the global
attractor A is constructed in the largest basic space L1, and if a(x) 0 in Ω , A is constructed in
the space Lq0 for any q0 ∈ (1,2).
2. Preliminaries
Let Ω be a bounded domain in RN with smooth boundary ∂Ω . We denote the space Lp
and W 1,m0 for L
p(Ω) and W 1,m0 (Ω) and the relevant norms by ‖ · ‖p and ‖ · ‖1,m, respectively.
In general, ‖ · ‖X denotes the norm of Banach space X. In the proof of our result, we will use
the following lemmas.
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y′(t) + Ay1+μ(t) B, t > 0,
with A,μ > 0, B  0. Then
y(t)
(
BA−1
)1/(1+μ) + (Aμt)−1/μ, t > 0.
Further, if y(t) is continuous on [0,∞), then
y(t)
(
BA−1
)1/(1+μ) + (y(0)−μ + Aμt)−1/μ, t > 0,
and
y(t)max
{
y(0),
(
BA−1
)1/(1+μ)}
.
In this paper, we seek for the weak solution of (1.1) in the class
Xq ≡ C
(
R+,Lq
)∩ C((0,∞),Lp)∩ L∞loc((0,∞),W 1,m0 ) (2.1)
with R+ = [0,∞), q  1 and p > 1.
We make the following definition of weak solution.
Definition 1. A function u = u(x, t) ∈ Xq is called a weak solution of (1.1) if the function
h(t) =
∫
Ω
K(y)
∣∣u(y, t)∣∣β dy ∈ L1loc(R+) (2.2)
and
∞∫
0
∫
Ω
{|∇u|m−2∇u · ∇φ + (a(x)|u|αu − h(t)f0(u) − g(x))φ(x, t)}dx dt
=
∞∫
0
∫
Ω
u(x, t)φt (x, t) dx dt +
∫
Ω
u0(x)φ(x,0) dx (2.3)
is valid for any φ ∈ C1,20 (R+ × Ω) with compact support and u0 ∈ Lq .
We begin with an existence theorem of global solution for the initial data u0 ∈ Lq , q  1,
including some a priori estimates.
It is well known that the solution of (1.1) is in fact given as limits of smooth solutions of
appropriate approximate problems for (1.1). Hence we first consider the following problem:⎧⎪⎨
⎪⎩
ut − m,iu + a(x)|u|αu = f0(u)
∫
Ω
K(y)
∣∣u(y, t)∣∣β dy + g(x), x ∈ Ω, t > 0,
u(x,0) = u0,i (x), x ∈ Ω; u(x, t) = 0, x ∈ ∂Ω, t  0,
(2.4)
where m,iu = div((|∇u|2 + i−1)m−22 ∇u), i = 1,2, . . . , and u0,i ∈ C20(Ω),u0,i → u0 in Lq as
i → ∞.
The problem (2.4) is an initial boundary value problem for a standard nondegenerate quasilin-
ear parabolic equation with a nonlocal term. A similar argument as in [8,9] can be applied to show
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For each i = 1,2, . . . , we will derive various estimates for ui(t). For the simplicity of notations,
we write u instead of ui and up−1 for |u|p−2u with p > 1.
We first establish
Lemma 2. Assume that
(H1) a(x) ∈ C(Ω) and ∃a0 > 0, such that a(x) a0 in Ω ;
(H2) f0(u) ∈ C1(R1) and either f0(u) ≡ 1 or |f0(u)|  k0|u|r , |f ′0(u)|  k0|u|r−1 for some
k0 > 0, r  1;
(H3) g(x),K(x) ∈ L∞.
In addition, β + r < 1 + α. Then, if u(t) is the solution of (2.4) with u0 ∈ L1, we have
u(t) ∈ L∞(R+,L1); i.e., ∃M > 0 such that u(t) ∈ BL1(M) = {v ∈ L1 | ‖v‖L1  M} for any
t  0.
Proof. Without loss of generality, we assume r  1 in (H2). For n = 1,2, . . . , we let
f+n (s) =
{1, s  1/n,
−n2s2 + 2ns, 0 s < 1/n. (2.5)
Furthermore, let fn(s) be an odd extension of f+n (s) in R1. It is easy to verify that fn(s) ∈
C1(R1), |fn(s)| 1 in R1 and Fn(u) =
∫ u
0 fn(s) ds → |u| uniformly in R1 as n → ∞.
Multiplying the equation in (2.4) by fn(u), we obtain∫
Ω
fn(u)ut dx +
∫
Ω
|∇u|mf ′n(u)dx +
∫
Ω
a(x)|u|αufn(u)dx

∫
Ω
∣∣g(x)∣∣∣∣fn(u)∣∣dx +
∫
Ω
∣∣f0(u)∣∣∣∣fn(u)∣∣dx
∫
Ω
∣∣K(y)∣∣|u|β dy. (2.6)
Notice that∫
Ω
∣∣g(x)∣∣∣∣fn(u)∣∣dx  ‖g‖1  C‖g‖∞,
a0‖u‖1+α1+α − C|Ω|n−1−α 
∫
Ω
a(x)|u|αufn(u)dx,
∫
Ω
∣∣f0(u)∣∣∣∣fn(u)∣∣dx
∫
Ω
∣∣K(y)∣∣|u|β dy  C1‖u‖r+β1+α  a02 ‖u‖1+α1+α + C1.
Then (2.6) becomes∫
Ω
fn(u)ut dx + a02 ‖u‖
1+α
1+α C|Ω|n−1−α + C1. (2.7)
Here and in the sequel, we let C1 be a constant depending only on g, K,u0 and C be a generic
constant, which is independent of g,K,u0 and changeable from line to line.
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d
dt
∥∥u(t)∥∥1 + a02
∥∥u(t)∥∥1+α1+α C1. (2.8)
By Lemma 1,∥∥u(t)∥∥1 C1 + C2(‖u0‖1)(1 + t)−1/α, t  0,
where C2(y) is a monotone increasing function for y  0. This completes the proof of
Lemma 2. 
Remark 1. It is possible that, if 1 + α  β + r , there is no global solution for (1.1), see [2].
Lemma 3. Assume (H2) and a(x) ∈ C(Ω), a(x) 0 in Ω . In addition, β + r < m − 1. Then if
u(t) is the solution of (2.4) with u0 ∈ Lq0 and q0 ∈ (1,2), u(t) ∈ L∞(R+,Lq0).
The proof of Lemma 3 is similar to that of Proposition 1 in [6] and is omitted here.
Remark 2. If a(x)  0, β + r  m − 1 and either |Ω| or u0(x) is sufficiently large, the prob-
lem (1.1) maybe has no global solution, see [10].
Lemma 4. Under the assumptions of Lemma 2, for any T > 0, the solution u(t) of (2.4) also
satisfies∥∥u(t)∥∥∞  C1 + C3t−1/α, t > 0, (2.9)∥∥∇u(t)∥∥m
m
C4(T )t−1−1/α, 0 < t  T , (2.10)
T∫
0
s1+μ
∥∥ut (s)∥∥22 ds  C4(T ), (2.11)
where μ > 1/α, C1 = C1(‖g‖∞,‖K‖∞), C3 = C3(a0, α, |Ω|), and C4(T ) = C4(T ,‖g‖∞,
‖K‖∞).
Proof. Multiplying the equation in (2.4) by up−1 (p > 1), we have
1
p
d
dt
∥∥u(t)∥∥p
p
+ Cp1−m∥∥∇up+m−2m ∥∥m
m
+ a0‖u‖p+αp+α 
a0
2
‖u‖p+αp+α + Ap (2.12)
which C is independent of p, i, and
Ap =
(
a0
4
)− p+α1+α |Ω|‖g‖ p+α1+α∞ +
(
a0
4
)− p+α1+α−r−β (
k0‖K‖∞
) p+α
1+α−β−r .
Since
‖u‖p+αp+α  ‖u‖p+αp |Ω|−α/p,
then (2.12) becomes
d ∥∥u(t)∥∥p
p
+ pa0 |Ω|−α/p∥∥u(t)∥∥p+α
p
 pAp. (2.13)
dt 2
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∥∥u(t)∥∥
p

(
2a−10 |Ω|
α
p
) 1
p+α A
1
p+α
p + (αa0)−1α |Ω|t −1α , t > 0. (2.14)
Letting p → ∞, we have (2.9).
In order to derive (2.10)–(2.11), we choose μ > 1/α, η(t) ∈ C[0,∞) ∩ C1(0,∞) such that
η(t) = tμ for t ∈ [0,1], η(t) = 2 for t  2 and η(t), η′(t) 0 in [0,∞).
Multiplying the equation in (2.4) by η(t)u(t), we have
1
2
η(t)
∥∥u(t)∥∥22 +
t∫
0
∫
Ω
η(s)|∇u|m dx ds +
t∫
0
∫
Ω
η(s)a(x)|u|2+α dx ds  I + II
where
I = 1
2
t∫
0
η′(s)
∥∥u(s)∥∥22 ds 
t∫
0
η′(s)
∥∥u(s)∥∥∞∥∥u(s)∥∥1 ds  C1
t∫
0
sμ−1−
1
α ds  C1tμ−
1
α
(2.15)
and
II =
t∫
0
η(s)
(∫
Ω
f0
(
u(x, s)
)
u(x, s) dx
∫
Ω
∣∣K(y)∣∣∣∣u(y, s)∣∣β dy)ds
 k0‖K‖∞
t∫
0
η(s)
∥∥u(s)∥∥r+β−2∞ ∥∥u(s)∥∥21 ds  C1tμ+1−(r+β−2)/α. (2.16)
Hence we have from (2.15)–(2.16) that
t∫
0
η(s)
∥∥∇u(s)∥∥m
m
ds +
t∫
0
∫
Ω
η(s)
∣∣u(s)∣∣2+α dx ds  C1(tμ−1/α + t1+μ−(r+β−2)/α) (2.17)
with t ∈ [0, T ].
Next, let ρ(t) = ∫ t0 η(s) ds, t  0. Similarly, multiplying the equation in (2.4) by ρ(t)ut , we
get
ρ(t)
∥∥ut (t)∥∥22 + ddt
(
ρ(t)G(t)
)
 η(t)G(t) + 1
2
ρ(t)
∥∥ut (t)∥∥22 + C1ρ(t)(‖g‖22 + ∥∥u(t)∥∥2r2r∥∥u(t)∥∥2ββ ), (2.18)
where
G(t) = 1
m
∫
Ω
(∣∣∇u(t)∣∣2 + i−1)m2 dx + 1
2 + α
∫
Ω
a(x)
∣∣u(t)∣∣2+α dx.
By (2.9) and u(t) ∈ L∞(R+,L1), we obtain
1
ρ(t)
∥∥ut (t)∥∥22 + d (ρ(t)G(t)) η(t)G(t) + C1ρ(t)(‖g‖22 + t−2(r+β−1)/α). (2.19)2 dt
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t∫
0
ρ(s)
∥∥ut (s)∥∥22 ds + ρ(t)
(
1
m
∥∥∇u(t)∥∥m
m
+ a0
2 + α
∥∥u(t)∥∥2+α2+α
)

t∫
0
η(s)G(s) ds + C1
t∫
0
ρ(s)
(
1 + s−2(r+β−1)/α)ds
 C1
(
tμ−1/α + tμ+1−(r+β−2)/α + tμ+2 + tμ+2(1−(r+β−1)/α)). (2.20)
This implies∥∥∇u(t)∥∥m
m
C4(T )t−1−1/α, 0 < t  T , (2.21)
and
T∫
0
ρ(s)
∥∥ut (s)∥∥22 ds  C4(T ), (2.22)
where C4(T ) depends on T ,‖g‖∞ and ‖K‖∞. Hence we complete the proof of Lemma 4. 
Remark 3. The estimate (2.9) implies that for any p  1,∥∥u(t)∥∥
p
 |Ω|1/p(C1 + C3t−1/α), t > 0.
Lemma 5. Let the assumptions in Lemma 3 hold and p  q0 > 1. Then the solution u(t) of (2.4)
with u0 ∈ Lq0 also satisfies u(t) ∈ L∞(R+,Lq0) and∥∥u(t)∥∥
p
A0
(
1 + t−1/(m−2)), t > 0, if p > q0, (2.23)
and for any T > 0,∥∥u(t)∥∥∞ A1(T )t−λ, ∥∥∇u(t)∥∥m A1(T )t−(1+λ(2−q0))/m, 0 < t  T , (2.24)
T∫
0
s1+τ
∥∥ut (s)∥∥22 ds A1(T ), (2.25)
where τ > λ, λ = N
mq0+(m−2)N , A0 = A0(p,‖g‖∞,‖K‖∞), A1(T ) = A1(T ,‖u0‖q0).
Proof. Multiplying the equation in (2.4) by up−1 (p  q0 > 1), we have
1
p
d
dt
∥∥u(t)∥∥p
p
+ Cp1−m∥∥∇up+m−2m ∥∥m
m
+
∫
Ω
a(x)|u|p+α dx

∫
Ω
∣∣g(x)∣∣|u|p−1 dx + ∫
Ω
∣∣f0(u)∣∣|u|p−1 dx
∫
Ω
∣∣K(y)∣∣|u|β dy. (2.26)
By Sobolev’s inequality,∥∥∇up+m−2m ∥∥m
m
 μ0‖u‖p+m−2p+m−2  μ1‖u‖p+m−2p (2.27)
with some μ0,μ1 > 0.
C. Chen / J. Math. Anal. Appl. 337 (2008) 318–332 325Furthermore, it follows from Young’s inequality that∫
Ω
∣∣g(x)∣∣|u|p−1 dx  ε‖u‖p+m−2p+m−2 + Cε‖g‖μ3∞ (2.28)
and ∫
Ω
∣∣f0(u)∣∣|u|p−1 dx
∫
Ω
∣∣K(y)∣∣|u|β dy  k0‖K‖∞‖u‖p+r−1p+r−1‖u‖ββ
 μ0
4
‖u‖p+m−2p+m−2 + C‖K‖μ4∞ (2.29)
with a small ε > 0, μ3 = p+m−2m−1 , μ4 = p+m−2m−1−β−r > 1. Then (2.26) becomes
d
dt
∥∥u(t)∥∥p
p
+ μ5
∥∥u(t)∥∥p+m−2
p
C
(‖K‖μ4∞ + ‖g‖μ3∞ ), t > 0, (2.30)
for some μ5 > 0. Applying Lemma 1 to (2.30), we obtain u(t) ∈ L∞(R+,Lq0) if p = q0 and∥∥u(t)∥∥
p
A0
(
1 + t−1/(m−2)), t > 0, (2.31)
if p > q0. This is (2.23). The proof of (2.24)–(2.25) is similar to that of Propositions 1, 2 in [6]
and is omitted here. 
By Lemma 4, we can establish
Theorem 1. Let the assumptions in Lemma 2 hold. Then (1.1) admits a unique global weak
solution u(t) which satisfies ut ∈ L2loc((0,∞),L2) and
u(t) ∈ C(R+,L1)∩ L∞(R+,L1)∩ C((0,∞),Lp)∩ L∞loc((0,∞),W 1,m0 ) (2.32)
and the estimates (2.9)–(2.11), where p  1. Further, we have for some λ1 > 0 that∥∥∇u(t)∥∥m
m
C5
(
1 + exp(−λ1(t − 1))), t  1, (2.33)
where C5 depends on ‖g‖2,‖K‖∞.
Proof. Noticing that the estimate constants C1,C3,C4 in (2.9)–(2.11) are independent of i, we
see that there exists a subsequence of {ui(t)} (again denoted by {ui(t)}), such that as i → ∞,
ui(t) → u(t) strongly in C
(
R+,L1
)
,
ui(t) → u(t) weakly∗ in L∞loc
(
(0,∞),L∞)∩ L∞(R+,L1)∩ L∞loc((0,∞),W 1,m0 ),
∂
∂t
ui(t) → ∂
∂t
u(t) weakly in L2loc
(
(0,∞);L2).
Furthermore, by a standard monotonicity argument we have (see [5,11,12])
−div((|∇ui |2 + i−1)m−22 ∇ui)→ −div(|∇u|m−22 ∇u)
weakly∗ in L∞loc
(
(0,∞),W−1, mm−1 ).
Then u(t) is a weak solution of (1.1) with u0 ∈ L1 and also satisfies (2.9)–(2.11).
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fies (2.9)–(2.11). Denote u(t) = u1(t)− u2(t), Fn(u) =
∫ u
0 fn(s) ds, u ∈ R1, which the function
fn(s) is in the proof of Lemma 2. Then u(t), u1(t), u2(t) satisfy
ut − mu1 + mu2 + a(x)
(|u1|αu1 − |u2|αu2)
= f0(u1)
∫
Ω
K(y)|u1|β dy − f0(u2)
∫
Ω
K(y)|u2|β dy. (2.34)
Multiplying (2.34) by fn(u), we have from Lemma 4.4 in [8, Chapter 1] that
d
dt
∫
Ω
Fn
(
u(t)
)
dx + γ0
∫
Ω
|∇u|mf ′n(u)dx +
∫
Ω
a(x)
(|u1|αu1 − |u2|αu2)fn(u)dx

∫
Ω
(
f0(u1)
∫
Ω
K(y)|u1|β dy − f0(u2)
∫
Ω
K(y)|u2|β dy
)
fn(u)dx (2.35)
with some γ0 > 0. Since f ′n(s)  0 and fn(s) is odd in (−∞,∞), we have (|u1|αu1 −
|u2|αu2)fn(u) 0 in Ω and
the right-hand side of (2.35) k0‖K‖∞
(‖u1‖r−1∞ + ‖u2‖r−1∞ )‖u2‖ββ∥∥u(t)∥∥1
+ k0‖K‖∞
(‖u1‖β−1∞ + ‖u2‖β−1∞ )‖u1‖rr∥∥u(t)∥∥1. (2.36)
By the estimate (2.9), we notice that∥∥u1(t)∥∥rr  ∥∥u1(t)∥∥r−1∞ ∥∥u1(t)∥∥1  C1t (1−r)/α, ∥∥u2(t)∥∥ββ  C1t (1−β)/α, 0 < t  T .
(2.37)
Therefore,
the right-hand side of (2.35)C1‖K‖∞
∥∥u(t)∥∥1t−(β+r−2)/α, 0 < t  T . (2.38)
Then it follows from (2.35) that
d
dt
∫
Ω
Fn
(
u(t)
)
dx  C1‖K‖∞
∥∥u(t)∥∥1t−(r+β−2)/α, (2.39)
where C1 > 0, independent of n and i. Integrating (2.39) on [0, t] and letting n → ∞, we get
from ‖u(0)‖1 = 0 that
∥∥u(t)∥∥1 C1‖K‖∞
t∫
0
s−(r+β−2)/α
∥∥u(s)∥∥1 ds, 0 t  T . (2.40)
Note that (r + β − 2)/α < 1, then the application of Gronwall’s Lemma gives∥∥u(t)∥∥1 ≡ 0, 0 t  T . (2.41)
Thus, u1(t) ≡ u2(t) in [0, T ] and the proof of uniqueness is completed.
In the following, we show that the continuity of solution u(t) in Lp,p  1. Let t > s > 0.
First, we note that
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∫
Ω
( t∫
s
ut (τ ) dτ
)2
dx 
t∫
s
∥∥ut (τ )∥∥22 dτ (t − s). (2.42)
Then it follows from (2.11) that ‖u(t) − u(s)‖22 → 0 as t → s. So, u(t) ∈ C((0,∞),L2).
When 1 p < 2, it follows from Hölder’s inequality that
∥∥u(t) − u(s)∥∥p
p
=
∫
Ω
∣∣∣∣∣
t∫
s
ut (τ ) dτ
∣∣∣∣∣
p
dx 
( t∫
s
∥∥ut (τ )∥∥22 dτ
) p
2
(t − s) p2 |Ω| 2−p2 . (2.43)
This shows that ‖u(t) − u(s)‖pp → 0 as t → s.
When p > 2, it follows from (2.9) that
∥∥u(t) − u(s)∥∥p
p
=
∫
Ω
∣∣u(t) − u(s)∣∣p dx  ∥∥u(t) − u(s)∥∥p−2∞ ∥∥u(t) − u(s)∥∥22
 Cs−(p−2)/α
∥∥u(t) − u(s)∥∥22 → 0 as t → s. (2.44)
This shows that u(t) ∈ C((0,∞),Lp).
Since ui(t) ∈ C(R+,L2) and ‖ui(t) − u(t)‖1 → 0 as i → ∞, and∥∥u(t) − u0∥∥1  ∥∥u(t) − ui(t)∥∥1 + ∥∥ui(t) − u0,i∥∥1 + ‖u0,i − u0‖1 (2.45)
we see that ‖u(t) − u0‖1 → 0 as t → 0. Hence u(t) ∈ C(R+,L1).
Finally, we derive the estimate (2.33). Denote
F(t) = 1
m
∫
Ω
∣∣∇u(x, t)∣∣m dx + 1
α + 2
∫
Ω
a(x)
∣∣u(x, t)∣∣α+2 dx.
Multiplying (1.1) by ut , we obtain∥∥ut (t)∥∥22 + F ′(t) =
∫
Ω
f0(u)ut dx
∫
Ω
K(y)|u|β dy +
∫
Ω
g(x)ut (x, t) dx
 k0‖K‖∞
∥∥ut (t)∥∥2∥∥u(t)∥∥r2r∥∥u(t)∥∥ββ + ‖g‖2∥∥ut (t)∥∥2
 1
2
∥∥ut (t)∥∥22 + C1∥∥u(t)∥∥2r2r∥∥u(t)∥∥2ββ + C‖g‖22. (2.46)
This implies that
1
2
‖ut‖22 + F ′(t) C1
∥∥u(t)∥∥2r2r∥∥u(t)∥∥2ββ + C‖g‖22. (2.47)
Further, multiplying (1.1) by u, we obtain
∥∥∇u(t)∥∥m
m
+ a0
∥∥u(t)∥∥α+2
α+2 
∫
Ω
g(x)udx −
∫
Ω
utudx +
∫
Ω
f0(u)udx
∫
Ω
K(y)|u|β dy

∥∥ut (t)∥∥2∥∥u(t)∥∥2 + C1∥∥u(t)∥∥r+1r+1∥∥u(t)∥∥ββ + ‖g‖2∥∥u(t)∥∥2
 1
∥∥ut (t)∥∥22 + a0 ∥∥u(t)∥∥α+2α+2 + C1, (2.48)2 2
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λ1F(t)C1
∥∥u(t)∥∥2r2r∥∥u(t)∥∥2ββ − F ′(t) + C1 (2.49)
for some λ1 > 0. By (2.9) we have
F ′(t) + λ1F(t)C1
(
1 + ∥∥u(t)∥∥2r2r∥∥u(t)∥∥2ββ )
C1
(
1 + t−2(β+r−1)/α) 2C1, t  1. (2.50)
This implies that
F(t) F(1) exp
(−λ1(t − 1))+ 2C1/λ1, t  1.
Noticing that (2.9)–(2.10) and
F(t) α0
∥∥∇u(t)∥∥m
m
with some α0 > 0, we obtain (2.33) and finish the proof of Theorem 1. 
Similarly, we can prove by Lemmas 3 and 5 that
Theorem 2. Let the assumptions in Lemma 3 hold. Then (1.1) admits a unique global weak
solution u(t) which satisfies the estimates (2.23)–(2.25), ut ∈ L2loc((0,∞),L2) and
u(t) ∈ C(R+,Lq0)∩ L∞(R+,Lq0)∩ C((0,∞),Lp)∩ L∞loc((0,∞),W 1,m0 ), (2.51)
where p  q0. Further, if p  2 max{β, r}, we have∥∥∇u(t)∥∥
m
A2
(
1 + exp(−λ2(t − 1))), t  1, (2.52)
which A2 depends on A1(1) in (2.24) and with some λ2 > 0.
Proof. The proof of existence and continuity of weak solution for (1.1) can be proceeded as
the proof of Theorem 1. Hence we consider only the uniqueness and the estimate (2.52). Let
u1(t), u2(t) be two solutions of (1.1) which satisfies (2.23)–(2.25). Denote u(t) = u1(t)− u2(t).
By Lemma 5,∥∥u1(t)∥∥rr  ∥∥u1(t)∥∥r ′∞∥∥u1(t)∥∥q0q0 A1t−λr ′, ∥∥u2(t)∥∥ββ A2t−λβ ′ , 0 < t  T , (2.53)
with r ′ = max{r − q0,0}, β ′ = max{β − q0,0}. Then
the right-hand side of (2.35)A1φ(t)
∥∥u(t)∥∥1, 0 < t  T , (2.54)
where
φ(t) = t−λ(β ′+r−1) + t−λ(r ′+β−1).
Then for the present, it follows from (2.35) that
d
dt
∫
Ω
Fn
(
u(t)
)
dx A1φ(t)
∥∥u(t)∥∥1 (2.55)
and
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t∫
0
φ(s)
∥∥u(s)∥∥1 ds, 0 t  T . (2.56)
Since φ(s) ∈ L1[0, T ] for any T > 0, we have from Gronwall’s Lemma that∥∥u(t)∥∥1 ≡ 0, 0 t  T . (2.57)
Thus, u1(t) ≡ u2(t) in [0, T ].
In order to obtain the estimate (2.52), we note that if q  2 max{β, r}, then∥∥u(t)∥∥2r2r∥∥u(t)∥∥2ββ  C∥∥u(t)∥∥2r+2βq A0(1 + t− 2(β+r)m−2 ) 2A0, t  1, (2.58)
where the estimate (2.23) has been used. Hence, (2.50) gives the estimate (2.52). We completes
the proof of Theorem 2. 
So, from Theorem 1, we obtain that the solution operator S(t)u0 = u(t), t  0, of the prob-
lem (1.1) generates a semigroup on L1, which satisfies the following properties:
(1) S(t) :L1 → L1 for every t  0;
(2) S(t + s) = S(t)S(s) for t, s  0;
(3) S(t)φ → S(s)φ in L1 as t → s for any φ ∈ L1.
By Theorem 2, the solution operator S(t)u0 = u(t), t  0, of the problem (1.1) satisfies
(4) S(t) :Lq0 → Lq0 for every t  0;
(5) S(t + s) = S(t)S(s) for t, s  0;
(6) S(t)φ → S(s)φ in Lq0 as t → s for any φ ∈ Lq0 .
We are now in a position to establish some continuity of S(t) with respect to the initial data u0
which will be needed for the proof of the existence of global attractor.
Lemma 6. Assume that the conditions in Theorem 1 (Theorem 2) are satisfied. Let S(t)φn and
S(t)φ be the solutions of the problem (1.1) with the initial data φn and φ, respectively. If φn → φ
in L1 (Lq0) as n → ∞, then S(t)φn → S(t)φ in L1 (Lq0) as n → ∞.
Proof. Let un(t) = S(t)φn, u(t) = S(t)φ, n = 1,2, . . . . Then wn(t) = un(t) − u(t) satisfies
wnt − mun + mu + a(x)
(|un|αun − |u|αu)
= f0(un)
∫
Ω
K(y)|un|β dy − f0(u)
∫
Ω
K(y)|u|β dy (2.59)
and wn(0) = φn − φ. If φn → φ in L1, we use the same argument as in the proof of uniqueness
in Theorem 1 and obtain
∥∥wn(t)∥∥1  ∥∥wn(0)∥∥1 + C‖K‖∞
t∫
0
s−(r+β−2)/α
∥∥wn(s)∥∥1 ds, 0 t  T . (2.60)
Since r + β − 2 < α, we have
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Letting n → ∞, we have the desired result.
If φn → φ in Lq0 , we multiply (2.59) by |wn|q−2wn (q = q0) and obtain
1
q
d
dt
∥∥wn(t)∥∥qq + γ1
∫
Ω
∣∣∇wq+m−2mn ∣∣m dx +
∫
Ω
a(x)
(|un|αun − |u|αu)|wn|q−2wn dx

∫
Ω
(
f0(un)
∫
Ω
K(y)|un|β dy − f0(u)
∫
Ω
K(y)|u|β dy
)
|wn|q−2wn dx
A ≡ k0‖K‖∞
∥∥wn(t)∥∥qq(‖u‖ββ(‖un‖r−1∞ + ‖u‖r−1∞ )+ ‖u‖r∞(‖un‖β−1∞ + ‖u‖β−1∞ )).
(2.62)
It follows from the first estimate in (2.24) that
A C‖K‖∞
∥∥wn(t)∥∥qq t−λ(r+β−1), 0 < t  T . (2.63)
Then (2.62) and (2.63) imply
d
dt
∥∥wn(t)∥∥qq  C‖K‖∞∥∥wn(t)∥∥qq t−λ(r+β−1), 0 < t  T . (2.64)
Since λ(r + β − 1) < 1, (2.64) gives∥∥wn(t)∥∥q  ∥∥wn(0)∥∥qC0(T ,‖K‖∞), 0 t  T . (2.65)
Letting n → ∞, we get S(t)φn → S(t)φ in Lq0 . Then the proof of Lemma 6 is completed. 
3. Global attractors for the problem (1.1)
In this section, we will prove the existence of the global (Lq,Lp)-attractor for the prob-
lem (1.1), which q = 1, or q = q0 > 1 and p > 1. To this end, we first give some definitions
about the bi-spaces global attractor, then prove the asymptotic compactness of {S(t)}t0 in Lp
and the existence of the global (Lq,Lp)-attractor by a priori estimates established in Section 2.
Definition 2. (See [4].) Let X,Y be Banach spaces and {S(t)}t0 be a semigroup on X. A set
B0 ⊂ Y , which satisfies that for any bounded subset B of X, there is t0(B) such that S(t)B ⊂ B0
for any t  t0, is called an (X,Y )-bounded absorbing set.
Definition 3. (See [4].) A set A ⊂ X, which is invariant, closed in X, compact in Z and attracts
bounded subsets of X in the topology of Z is called a global (X,Z)-attractor.
We now can prove our main result.
Theorem 3. Let that the assumptions in Lemma 2 hold. Then the semigroup {S(t)}t0 generated
by the solution of problem (1.1) with u0 ∈ L1 has a global (L1,Lp)-attractor A⊂ L∞ ∩ W 1,m0for any p  1, more precisely,
A⊂ BL∞(C1) (3.1)
and
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(
S(t)u0,BLp
(
2C1|Ω|1/p
))
 |Ω|1/pC3t−1/α, t  1, (3.2)
where the constants C1,C3 are in Lemma 4.
Proof. The existence of the global attractor in Lp and the estimates easily follow from Theo-
rem 1. Indeed, for φ ∈ L1, we denote the unique solution of (1.1) by u(t) = S(t)φ. By Lemma 6,
S(t) is continuous with respect to initial data u0 in L1. Let B0 ⊂ Lp be a bounded set, i.e.,
∃R > 0 such that ‖φ‖p R for any φ ∈ B0. We set
S(t)B0 =
{
S(t)φ
∣∣ φ ∈ B0}. (3.3)
We know by Theorem 1 that
⋃
t1 S(t)B0 is bounded in W
1,m
0 ∩ L∞. Since any bounded
set in W 1,m0 ∩ L∞ is compact set in Lp , S(t) is completely continuous as a map from Lp to Lp
(p  1). Further we see by Remark 3 that the set B0 = BLp(C1|Ω|1/p) is an absorbing set of S(t)
in Lp , where the constant C1 is in Lemma 4. By a general theory (see [7,16]), we conclude that
S(t) admits a global attractor A defined by
A= ω(B0) =
⋂
τ0
[⋃
tτ
S(t)B0
]
Lp
, (3.4)
where [D]Lp is the closure of D in Lp . Further, by the estimates in Lemma 4 and Theorem 1, we
see that A is in fact a bounded set in W 1,m0 ∩ L∞. Obviously, (3.1) and (3.2) follows from (2.9).
Then the proof of Theorem 3 is finished. 
Similarly, we have
Theorem 4. Assume that the assumptions in Lemma 3 hold. Then the semigroup {S(t)}t0
generated by the solution of problem (1.1) with u0 ∈ Lq0 has a global (Lq0 ,Lp)-attractor
A⊂ L∞([1,∞),Lp) for any p > q0, more precisely,
A⊂ BLp(A0), distLp
(
S(t)u0,BLp(A0)
)
A0t−1/(m−2), t  1, (3.5)
where the constant A0 is in Lemma 5.
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